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EXAMPLES FOR THE MOD p MOTIVIC COHOMOLOGY
OF CLASSIFYING SPACES

NOBUAKI YAGITA

ABSTRACT. Let BG be the classifying space of a compact Lie group G. Some
examples of computations of the motivic cohomology H***(BG; Z/p) are given,
by comparing with H*(BG;Z/p), CH*(BG) and BP*(BGQ).

1. INTRODUCTION

Let p be a prime number and k a subfield of the complex number field C. Let
k contain a primitive p-th root of unity. Given a scheme X of finite type over
k, the mod p motivic cohomology H**(X;Z/p) = D, ,, H™"(X;Z/p) has been
defined by Suslin and Voevodsky ([Vol], [Vo2]). When X is smooth, the subring
H**(X;Z/p) = @, H*"(X;Z/p) is identified with the classical mod p Chow
ring CH*(X)/p of algebraic cyles on X.

The inclusion ¢ : & C C induces a natural transformation (realization map)
te’" o H™™(X;Z/p) — H™(X(C);Z/p), where X (C) is the complex variety of
C-valued points of X. Let us write the coimage of t&" as

(1.1) W (X;Z/p) = @ H™™(X; Z/p)/ Ker(t™).
It is known that there is an element 7 € H%!(Spec(k); Z/p) with tZ"(7) = 1. Then
we have the bigraded Z/p[r]-algebra monomorphism

(1.2) W (X3 2/p) — H*(X(C); Z/p) ® Z/p[r,7~"]

where the bidegree of z € H™(X(C);Z/p) is given by (n,n). If k = C and the
Beilinson-Lichtenbaum condition [Vo2] is satisfied for p, then we also have the
injection H*(X(C);Z/p) @ Z/p[1] — h**(X;Z/p).

When « € H™"(X;Z/p), define the weight of z by w(xz) = 2n — m. Clearly
w(z) = 0 if and only if x € CH*(X)/p. Voevodsky has extended the Steenrod
algebra A} of cohomology operations to the case of motivic cohomology. Among
them, we have the Milnor primitive operation

Qi: H*(X;Z/p) — H' b0 =X, 7/p),

so that it is sent to the usual Milnor operation @); by the realization map ¢¢. Hence
w(Q;) = —1, and the Q; (0 < i) form an exterior algebra A(Qo, Q1,...) C Aj also
for the motivic cohomology. To simplify the notation, let us write the exterior
algebra Q(n) = A(Qo, ..., Qy) for n > 0 and Q(—1) = Z/p.
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In this paper we are mainly concerned with the following case. For n > —1, let
G, be aZ/p-module and Q(n)G,, the free Q(n)-module generated by G,,. Moreover,
the scheme X satisfies the assumption that there is a Z/p-module injection

(1.3)  jc: H* (X(C);Z/p) — @ Q(n)G, with jz (Qo...QnGrn) C Im(t25")
n=—1

such that ppjc : H*(X(C) : Z/p) — Q(n)G, is the Q(n)-module map and p},p,jc :
H*(X(C):Z/p) — Qo...Qn_1G,, is a surjection for each n, where p,, : @ Q(n)G,, —
Q(n)G,, and pl, : Q(n)G,, — Qo...Qn_1G,, are the projections. (We do not assume
a @Q(n)-module structure on the right-hand side module in (1.3).)

We take the weight on the right-hand side by putting w(z) = n + 1 for every
x € Gy, (simply write w(G,) = n + 1), so that w(Qp...Qnx) = 0. Then we get the
injection of bigraded Z/p-modules

(1.4) j (X5 Zp) — QB Q(n)G, ® Z/p|7]

n=-—1
such that the composition (p, ® Z/p[r])j : h**(X;Z/p) — Q(n)G, ® Z/p[r] is the
bigraded Q(n)-module map.

The above argument has its counterpart in the BP-theory of X (C). As we know,
BP*(—) is the cohomology theory with the coefficient ring BP* = Z,[v1,va, ...],
lv;| = =2(p* — 1). Let us write BP*/(p,v1,...,0m—1) as P(m)*. The Atiyah-
Hirzebruch spectral sequence

E;" = H*(X(C)) ® BP* = BP*(X(Q))
has the differential
(1.5) dopi—1(x) = Qi(z) ® v; mod(M;),
where M; is the ideal of E ’, _, generated by elements in (p,v1, ey i—1) By We

assume here that nonzero dlfferentlals are all of the form (1.5) and that H*(X (C))
has no higher p-torsion. Then we easily see that (1.3) implies

(1.6) B = @ Pn+1)G, @ B with G = Qo..QuGh,

n=—1

where P(n +1)*G,, is the free P(n + 1)*-module generated by elements in G,, and
B is the BP*-submodule of EX;* of generators in Ideal(p, vy, ...)E5*. Conversely,
by the same assumption, if G,, C Tm(t>*), then the isomorphism (1.6) implies the
existence of the injections jc in (1.3) and so j in (1.4).

Let p: BP(X(C)) @ gp» Z/p — H*(X(C);Z/p) be the Thom map. Then (1.6)

and G,, C Tm(t2"*) imply that

Im(t2°%) = Im(p) = @ G, C BP*(X(C)) ®pp- Z/p.

n=-—1

More generally, B. Totaro [Tol], [To2] constructed the modified cycle map
(L.7) d’: CH'(X)/p— BP"(X(C)) ®@pp- Z/p

in such a way that the composition pcl is the realization map t(QC* *. If a BP*-
module generator of B in (1.6) is represented by transfer of a Chern class, then
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this element gives a nonzero element in Ker(té*’*) by the modified cycle map .
Using this argument, Totaro found nonzero elements in Ker(t?c*’*) when X is the
classifying space BSO(4).

The motivic cohomology of the classifying space is defined as follows. Let G be a
linear algebraic group over k. Let V' be a representation of G such that G acts freely
on V — S for some closed subset S. Then (V — 5)/G exists as a quasi-projective
variety over k. Following Totaro [Tol] and Voevodsky, define
(18  HBGIp =, lm o HY(V - S)/GLp)

The topological space BG(C) = lim((V — 5)/G)(C) is the usual classifying space
BG. Hence we write the C-value points BG(C) simply as BG.

We will show that the isomorphism (1.6) is satisfied when X = BG for the
following cases: O(n), SO(4), Dg, Ga, Spin(7) for p = 2, PG L3, F4 for p = 3 and the
extraspecial p-group p}r” of order p3 and of exponent p for odd primes. (However
note that H*(Bp}™) has p?-torsion.)

Hence we will prove (1.4) for these BG. Moreover, when k = C and G = O(3)
for p=2, PGL3g forp=3, p}r” and (Z/p)" for all primes, we will show that

(19) W (BG; Z/p) = @D Qn)Gn & Z/pl7).

S. Wilson [RWY] first constructed the decomposition (1.3) so that jc is an isomor-
phism for X = BO(n), and next computed BP*(BO(n)). However, it is unknown
whether j in (1.4) is an isomorphism or not for X = BO(n), n > 4.

The contents of this paper are as follows. The aim of §§2 and 3 is a short
introduction to motivic cohomology for algebraic topologists unfamiliar with it. In
these sections, we concentrate on the computation of H*(B(Z/p)"™;Z/p). In §4,
we deal with the study of h**(X;Z/p), making no use of BP*(BG) but Milnor’s
operation ; instead. In §5, we give an account of h**(BG;Z/p) expressed in term
of BP*(BG). Also in this section we give some results on Ker(fz"). The motivic
cohomology of the Eilenberg-MacLane space K(Z/p(n),n) is studied in §6. In §7,
we give some comments on algebraic cobordism theory and algebraic BP-theory.

Finally, we want to express our deep gratitude to Professors Burt Totaro, Tokushi
Nakamura, and Toshio Kawashima for their kind help in correcting many errors in
the first draft of this paper.

2. CHOW RING, MILNOR K-THEORY, ETALE COHOMOLOGY

We use the category Spc of (algebraic) spaces, along with schemes A, their
quotients A;/As and colim(A,), all defined by Voevodsky [Vo2|, [MoVd]. Here
schemes are defined over a field k with ch(k) = 0. The motivic cohomology is the
double indexed cohomology defined by Suslin and Voevodsky, directly related with
the Chow ring and Milnor K-theory.

(CH) For a smooth scheme X we have H?""(X) = CH"(X), the classical
Chow group of codim n cycles on X.

(MK) H™"(Spec(k)) = KM (k), the Milnor K-group for the field k.

For a smooth variety X with dim(X) = n, the Chow ring is the sum CH*(X) =
@, CH'(X), where

CH'(X) = {(n —1) cycles in X}/( rational equivalence).
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Here the rational equivalence a = b is defined if there is a codimension i subvariety
W in X x P! such that a = p.f*(0) and b = p.f*(1), where P! is the projective
line and p (resp. f) is the projection on the first (resp. second) factor.

For k = C, if X has a cellular decomposition, i.e., X = X,, D X,,_1 D ... D Xj
with X; — X;_1 = [JA™7, where A" is the affine space of dimension n;;, then
CH*(X) =2 H*(X(C)), the singular cohomology theory of C-rational points of X.
For example, CH*(P") = H*(CP™) for projective spaces P". Since Spc contains
colimit, we can consider the infinite projective space P> = BG,, and the infinite
lens space lim,, (A" —{0}/Z/p) = L;° = BZ/p. The Chow rings of classifying spaces
of abelian groups are given in [Tol]:

(2.1)
CH*(P%) = H**(P®) = Z]y], CH*(BZ/p) = H**(BL/p) = Zly]/(py),

with deg(y) = (2,1). For products of these spaces we have
(2.2) CH*((P)") =2 Zly1, .., Yn)s

Here note that CH*(X) 2 Hev*"(X (C)) for the last case. Even if H*(X (C)) is gen-
erated by even dimensional elements, there are cases that CH*(X) 2 H*(X(C)),
e.g., K3-surfaces have the cohomology H?(X(C)) = Z??2, but there is a K3-surface
such that CH'(X) = Z for each 1 < i < 20.

Milnor K-theory is the graded ring @, K2 (k) defined by K (k) = (k*)®"/J,
where the ideal J is generated by elements a ® (1 — a) for a € k* — {1}. Here
the addition of k* is given by the multiplication in the field k. Hence K} (k) = Z
and KM (k) = k*. Hilbert’s Theorem 90, which essentially says that the Galois
cohomology H'(G(ks/k); kX) = 0, implies the isomorphism KM (k) /p = k* /(k*)P =
HY(G(ks/k);Z/p) for 1/p € k. Similarly we can define a map (the norm residue
map) for any extension F of k of finite type,

(BK) KN (F)[p — H™(G(Fy/F); ™),

where p$™ is the discrete G(F/F)-module of n-th tensor power of the group of
p-roots of 1. The Bloch-Kato conjecture is that this map is an isomorphism for all
field k, and the Milnor conjecture is its p = 2 case. This conjecture is solved when
n = 2 by Merkurjev and Suslin [MeSul, and for p = 2 by Voevodsky [VoI].

Notice that H™(G (ks/k); ™) = HZ,(Spec(k), u3™), the étale cohomology of the
point. The étale cohomology H},(X;Z/p) has the following properties:

(E.1) If k contains a primitive p-th root of 1, then there is the additive isomor-
phism

HE(X, ™) = HE (X Z/p).
(E.2) For smooth X over k = C,
H™(X;Z/pN) = H™(X(C);Z/p") for all N > 1.

The last cohomology is the usual mod p ordinary cohomology of C-rational points
of X. Of course HY, (Spec(C);Z/p) =2 Z/p. It is known that
KM(R)/2 = H},(Spec(R); Z/2) = 7/2p]
with deg(p) = 1 for the real number field R. Let F, be a local field with residue
field k, of ch(k,) # 2. Then KM(F,)/2 = H},(Spec(F,);Z/2) = A(a,3) with
deg(a) = deg() = 1. Thus we know that &, H™™(pt; Z/2) for these cases.
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3. THE REALIZATION MAP

In this section we consider the relation to the usual ordinary cohomology. Let
R be Z or Z/p. The motivic cohomology has the following properties [Vo2].
(C1) H**(X;R) is a bigraded ring natural in X.
(C2) When k C C, there are maps (realization maps)
te"  H™™(X; R) — H™(X(C); R)
which sum up to tz* = @,, ,, t¢"", the natural ring homomorphism.
(C3) There are the (Bockstein, reduced powers) operations
B: H"*(X;Z/p) — H (X, Z/p),
pi. H**(X;Z/p) — H*+2(p—1)i’*+(p_1)i(X;Z/p),
which commutes with the realization map ¢c when k C C.
(C4) For the projective space P, there is an isomorphism
H**(X x P"/P""L R) = H™*(X; R){1,y}

with deg(y') = (2n,n) and tc(y') # 0 for k C C.

We recall the Lichtenbaum motivic cohomology [Vo2]. Lichtenbaum defined the
similar cohomology H;*(X; R) by using the étale topology, while H**(X; R) is
defined using the Nisnevich topology. Since Nisnevich covers are restricted étale
covers, there is the natural map H**(X; R) — H;"(X; R). We say that the B(n, p)
condition holds if

H™™(X;Zy) = H""(X;Z) forallm <n+1

and all smooth X. The Beilinson-Lichtenbaum conjecture is that B(n,p) holds for
all n and p. Tt is known that the condition B(n,p) is equivalent to the Bloch-Kato
conjecture (BK) for degree n and prime p. Hence B(n,p) holds for n < 2 or p = 2.
Moreover, Suslin and Voevodsky have proved

(L-E) H""(X52/p) = H (X ™).

Now we compute H**(pt;Z/p) = H**(Spec(k);Z/p). For a smooth X, the
following dimensional condition is known:
(C5) For a smooth X, if H™"™(X; R) % 0, then

m < n+ dim(X), m < 2n and m > 0.

For the rest of this paper, we assume that k contains a primitive p-th root of 1 and
B(n,p) holds for all n, but X = Spec(k). Then

H™"(pt; Z/p) = HL} (pt; ™) = HY (pt; Z/p)  if m <,

and H™"(pt;Z/p) = 0 for m > n. Let 7 € H%'(pt;Z/p) be the element corre-
sponding to a generator of HY,(Spec(k); u,) = HY,(Spec(k); Z/p). Then we get the
isomorphism

H™*(Spec(k); Z/p) = H(Spec(k); Z/p) ® Z/p|]

since 7 : HZ} (pt; p3™) = HZ} (pt;uf;)("ﬂ)). In particular, for the real number field
R and a local field F;, with the residue field k, of ch(k,) # 2 we have

(3.1) H**(Spec(R); Z/2) = Z/2[p,7] with deg(p) = (1,1),

(3.2) H**(Spec(F,);Z/2) = Z/2[7) ® Aa, 8) with deg(a) = deg(8) = (1,1).
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For k = C, we know that KM (C)/p =0 for n > 0, and hence

(3.3) H**(Spec(C);Z/p) = Z/p[r] with deg(r) = (0,1).
When k = C, if the B(n,p) condition holds for X, then it is immediate that
(34) [rH*(X;Z/p) = H* (X (C); Z/p) ® Z/plr, 7],

where the degree is defined by deg(x) = (m,m) if x € H™(X(C); Z/p).
Next we compute the cohomology of P* and BZ/p. For any (algebraic) map
f X — Y in the category Spc, we can construct the cofiber sequence

X =Y — cone(f) =Y/X,
which induces the long exact sequence (Voevodsky [Ve2])
(3.5)  H"*(X;R) — H**(Y;R) — H**(Y/X : R) — H*"“*(X;R).

In particular, we get the Mayer-Vietoris, Gysin and blow-up long exact sequences.
By the cofiber sequence P"~! — P* — P"/P"~1 and (C4), we can inductively

see that

(3.6)  H™*(P";Z/p) = H™"(pt; L/p) @ Z/ply]/(y""") with deg(y) = (2,1).
When k = C, since B(1,p) always holds, H"!(L"; Z/p) = H'(L}; Z/p). Hence

there is an element 2’ € H“'(L7?;Z/p) with tc(«’) = x € H'(L};Z/p). This

also holds for general k [Vo3|. The lens space is identified with the sphere bundle

associated with the line bundle

(A" —{0}) X (a—qop A — (A" —{0})/(A —{0}) = P".
Here (A™ — {0}) X (a_{op) A is the identification such that (z;,z) ~ (a™'z;,aPz) €
(A™ — {0}) x A for (2;) € A", z € A, a € A — {0}. Hence we get the cofiber-
ing Ly — P 22, pr. Thus we get the additive isomorphism H**(Ly;Z/p) =
H**(P™; Z/p){1,2}. This induces the ring isomorphism for p = odd
(3.7) H**(Ly; Z/p) = Z/plyl/(y" )@ M(x)@H**(pt; Z/p) ~with deg(x) = (1,1).

However, note that when p = 2 we get 12 = y7+xp [Vo3], where p € HY!(pt; Z/p) =
k* /k?* represents —1. (Hence p = 0 when /=1 € k*.) This is proved by the well-
known fact that {a,a} = {a, —1} in the Milnor K-theory K2 (k).

We say that a space X satisfies the Kiinneth formula for a space Y if

H™ (X x Y3 Z)p) = H"(X;Z/p) @ue (prszp) H (Y5 Z/p).

By the above cofiber sequences, we can easily see that P> and BZ/p satisfy the
Kiinneth formula for all spaces. In particular, we have the ring isomorphisms

(3-8) H**((P>)"; Z/p) = Z/plys, .-, yn] ® H™" (pt; Z/p),
(3.9)  H"((BZ/p)";Z/p) = Z/ply1, ., yn] ® A1, ..., z0) @ H" (pt; Z/p)
(when p = 2, 22 = y;7 + z;p).

This fact is used to define the reduced power operation P! in (C3). Since a Sylow

p-subgroup of the symmetric group S, of p letters is isomorphic to Z/p, we have
the isomorphism

H**(BS,;Z/p) = H"*(BZ/p;Z/p)"» = Z/p[Y]® A(W) @ H**(pt; Z/p),
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identifying Y = y?~! and W = ayP~2. If X is smooth (and suppose p is odd, to
simplify arguments), we can define the reduced powers (of Chow rings) as follows.
Consider maps

H>*(X;Z/p) 2 H?¥*P*(XP x5, ES))
A* * % ~ * ok * %
— H*"(X x BSyp; Z/p) = H"*(X; /D) @+ (pt;z/p) H " (BSp; Z/p),

where 4 is the Gysin map for the p-th external power, and A is the diagonal map.
For deg(z) = (2n,n), the reduced powers are defined as

(3.10) A% (z) = Z Piz)@Y" '+ BP(z) @ WY"i7L,

Hence deg(P?) = deg(Y?) = deg(y*®=1) = (2i(p—1),i(p —1)). Voevodsky defined
iy for nonsmooth X also, and by using suspensions maps he defined reduced powers

for all degree elements in H**(X;Z/p) for all X [Vo3].
Moreover, we can see (Hu-Kiiz [HK]) that

(3.11) H**(BGLy;Z/p) = Z/plca, ..., cn] @ H*"(pt; Z/p),

where the Chern class ¢; with deg(c;) = (24,4) is identified with the elementary
symmetric polynomial in H**((P*)™;Z/p). So we can define the Chern class
p*(ci) € H**(BG;Z/p) for each representation p : G — GL,.

4. H**(X;Z/p)/ Ker(tc) AND THE OPERATION Q;

In this section we assume that X is smooth and & = C. Even in this case
the motivic cohomology H**(X;Z/p) seems difficult, in general. Hence we con-
sider a bigraded ring which is computable only by using the algebraic topology of
H*(X(C);Z/p). Define a bidegree algebra by

(4.1) W' (X:Z/p) = @H™™(X;Z/p)/ Ker(tE™™).

m,n

Since ¢t&"(7) = 1, it is almost immediate that there is the injection of bidegree
Z/p|r]-algebras

W (X3 Z/p) = H*(X(C); Z/p) ® Z/plr, 7],

where the bidegree of x € H"(X(C);Z/p) is (n,n). (This also holds when k C C
and & has a primitive p-th root of 1.)

Suppose the B(n,p) condition holds. By the isomorphisms (B,p), (L-E), (E1)
and (E2), we have

H™™(X3Z/p) = H"™ (X3 Z/p) = Hiy (X pp") = Hyy (X3 Z/p) = H™(X(C); Z/p).
Hence we get the injection of bidegree Z/p[r]-algebras
H*(X(C); Z/p) ® Z/plr] — h*"(X;Z[p).
Thus there exist a Z/p-basis {a;} of H*(X(C);Z/p) and a |£a;| > t; > 0 such that

W (X;2/p) = @ Z/plr){7 " ar}.
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Remark. Let F; = Im(6p,, tg’i). When the B(n,p) condition is satisfied, we have
U, Fi = H*(X(C);Z/p). We also have the interesting bigraded ring

grH* (X (C); Z/p) = @ Fi1/F; = h**(X; Z/p)/(ImT),
so that Z/p[rt] @ grH*(X(C);Z/p) is additively isomorphic to h**(X;Z/p), while
the ring structures are different. '
Here we recall the Milnor primitive operations Qo = 8 and @; = [Q;—1, sz_l]:

Qi H™*(X:Z/p) — H™ ' "L (X 2 p),
which is derivative, Q;(zy) = Q:(z)y + xQ;(y). Note also that Q;(7) = 0, because
of the dimension of H**(pt; Z/p) = Z/p[7].

Lemma 4.1. If0 # Q;,...Q:,x € H**(X;Z/p), then x is a Z/p[r]-module gener-
ator.

Proof. It x = 2’7 | then 7Q;,...Q;. (¢') # 0. But

Qi Qi (2') =0€ H** Y (X;Z/p),
since H™™(X;Z/p) = 0 for m > 2n. O

Define the weight by w(x) = 2n — m for an element x € H™"(X;Z/p), s
that w(z’) = 0 for ' € CH*(X)/p. Of course we get w(zy) = w(z) + w(y )
w(Plx) = w(x) and w(Q;(z)) = w(x) — 1.

Corollary 4.2. Suppose that B(n,p) holds. If v € H"(X(C);Z/p) and Q4 ...Qi, ()
# 0, then there is a Z/p[T]-module generator ' € H™™(X;Z/p) so that tc(x') = x
and, for each 0 < k < n, Q;,..Qi, (2') is also a Z/p[r]-module generator of
H**(X;Z/p).

Proof. By the B(n,p) condition, t&" : H™™(X;Z/p) = H"(X(C);Z/p). Hence
there is an element ' € H™"(X;Z/p) with tc(2’) = x. This means w(z’) = n and
w(Qy, ...Q;,, (x)) = 0. From the above lemma, we get the corollary. O

Lemma 4.3. Suppose that B(n, p) holds. If there is an s > 0 with p> H" 1 (X (C)) ()
C t@(HnJrl’n(X)(p)), then

Im(H™ (X (C)) — H™(X(C); Z/p)) = Im((H""(X) — H"™(X (C);Z/p)).
Proof. Consider the following diagram:

N
HE M (X) — HEP(XGZ/pY) —— HEPPMX) L HEPP(X)

o) g 1 1

H™(X(C)) — 2 ™ (X(C);2/pY) —— H™2(X(C)) —2— H™*(X(C))
where H*(—) means H*(—;Z),y and the rows are exact.

Let H"(X(C)) 2 F, ® T; and H}""™"(X) = F/ @ T/ ® D;, where F;, F are
free, T;,T] are non-p-divisible torsion and D; are p-divisible submodules. Take
N and s so that pV > p* > |Ti|,|T}| for i = 1,2. Hence H}™""™(X;Z/pN) =
H™Y(X(Cy;z/pN) = Py /pN o Ty @ To.

By the B(n,p) condition, H"*1"(X) = H;L'H’"(X)7 and the map (2) is iden-
tified with the realization map. So p*(Fy ® Ty) = p*F; C Image(2). Therefore
there is the quotient map Fy/p® @ Ty ® To — Coker(1). On the other hand,
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Ker(pN)|HZ+2’n(X) =~ (Ker(p™)|D2) @ Ty = (Z/pN)* @ Tj. Hence if k # 0, then it
is a contradiction to Ker(p") = Coker(1). Hence we get Coker(1) = T4 and hence

Corollary 4.4. Suppose that B(n,p) holds and t77"" @ Q : H"''""(X) @ Q —
H" N X(C)) ® Q is epic. If x € Im(H"™(X(C)) — H"Y(X(C);Z/p)) and
Qi,--Qi,_, (x) # 0, then there is an element ¥’ € H" 1" (X)) so that tc(z') =z
and, for each 0 < k < n—1, Q;,..Qi,(x) is also a Z/p[T]-module generator of
" (X:2/p)

Here we mention the case n = 1. Totaro showed [T02] that CH*(BG) ® Q =
H*(BG) ® Q for any complex algebraic group G. Hence CH'(BG) — H?*(BG)
is epic; indeed, he also showed that this map is an isomorphism. As for K3-
surfaces, CH*(X)®Q — H*(X(C))®Q is not epic and H%’l(X) contains p-divisible
elements.

Now we consider some examples. The mod 2 cohomology of BO(n) is
H*(BO(n);Z/2) = Z/2wy, ..., wy], where the Stiefel-Whitney class w; restricts the
elementary symmetric polynomial in H*(B(Z/2)";Z/2) = 7Z/2[x1,...,x,). Each
element w? is represented by the Chern class ¢; of the induced representation
O(n) C U(n). Hence ¢; € CH*(BO(n);Z/2) = H***(BO(n); Z/2).

Proposition 4.5. h**(BO(n);Z/2) D Z/2[ci,...,cn] @ A(wy,...,w,) @ Z/2[7],
where deg(c;) = (2i,1), deg(w;) = (i,i) and w? = T'c;.

Since Qi—1...Qo(w;) # 0, each w; is a Z/2[r]-module generator. However, even
h**(BO(n);Z/2) seems very complicated. Consider the case X = BO(3). The
cohomology operations act by

Sq' Sq° 3 2 2 Sq' 2,2 2
Wy — WiW2 + W3 — Wawi + wiwz + wiw; + wawz —— wiw; + wsg,

w3 s, w3wi _Se, W1WaWs3.

Theorem 4.6. There is the isomorphism

h**(BO(3);Z/2) = Z/2[c1, c2, c3{ 1, w1, wa, Qowz, Qrw2, w3, Qows, Qrws }DZ/2[T].
where Qows = T~ (wiwe + w3), ..., Qrws = T 2wy wows.

W. S. Wilson ([RWY], [KY]) found a good Q(i) = A(Qo, ..., Qi)-module decom-
position for X = BO(n), namely,

(4.2) H*(X;Z/2) = @ Q(1)G: with Qo..Q:G; € tc(CH*(X)).

i=—1

Here Gj_1 is quite complicated; namely, it is generated by symmetric functions

2ii4+1  2i,+1, 251 2],
Y] eyl kg <,

with 0 <3 < ... <4 and 0 < j; < ... < jg; and if the number of j equal to j, is
odd, then there is some s < k such that 2i, + 2° < 23, < 2i, + 2511
Then w(G;) > i+ 1 in h**(X;Z/p), and so we have

Proposition 4.7. Letting w(G;) =i + 1, we have the monomorphism

h**(BO(n); Z/2) C (@ Q(i)Gi) © Z/2]r].
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One interesting problem is whether the above injection is really an isomorphism.
The similar decomposition holds for X = (BZ/p)™, and the above injection is an
isomorphism. (See Lemma 5.6 below.) The case X = BO(3) is also an isomorphism.
Since the direct decomposition of BO(3) = BSO(3) x BZ/2 is complicated, we only
write here that of SO(3):

(4.3)
H* (BSO(?)), Z/Q) = Z/Q[wg, w3] = Z/2[CQ, 03]{1, Wo, W3 = Qowg, waWs = Qlwg}
= 7/2[ca, csl{wa, Qowz, Qrwz, c3 = QoQrw2} © Z/2[co]
= Z/Q[CQ, 63]Q(1){w2} ©® Z/Q[CQ].
Since there is the isomorphism O(2n + 1) & SO(2n + 1) x Z/2, the cohomology
of BSO(2n + 1) is reduced from that of BO(2n + 1). However, the situation for
BO(2n) is different. In the next section, we will study BSO(4) for details.

The extraspecial 2-group 2?‘2” is the n-th central product of the dihedral group

Dg of order 8. It has a central extension

2n

(4.4) 0-2/2—G—-V=E7/2—0.

Let H*(BV;Z/2) =2 Z/2[x1, ..., T2p]. Then Quillen proved [Q]

(4.5) H*(BG;Z/2) 2 Z/2[x1, ..., 20/ (f, Qo fy ooy Qr—2f) @ Z/)2[wan].

Here wan is the Stiefel-Whitney class of the real 2*-dimensional irreducible represen-
tation which restricts nonzero on the center, and f =, xo;_129; € H?(BV;Z/2)

represents the central extension (4.4).
Letting y; = 22 in H*(BG;Z/2), we can write f2 =" y2;_1y92; and

k k
(Qr—1)" = QoQrf =Y Y12 — Y2i—1Y3; »
Qr-1f = Zyifiixzi - 2521‘712!%:_1-
Now we consider the motivic cohomology H**(BG;Z/2) and change y; = 7~ 2.
Since f = 0 € H*%(BG;Z/2), we can see that Qr_1f = 0 and Q1Qo(f) = 0 also
in H**(BG;Z/2). However, for general n, Y ya2;y2,—1 # 0 in H**(BG;Z/2). Let
(46) A= (2/2[241; < Yan, CQ”]/(QOQkf; x3) QOan)
® A(xlv -y L2n,y wQ")/(fv QOfa ) Qn72f)) & Z/2[T]
Lemma 4.8. For G = 27", there is a map A— H**(BG;Z/2) which induces
the injection A/(f?)Ch**(BG;Z/2).

When m = 0,1,—1 mod 8 and m > 0, we say that Spin(m) is real type [Q].
When Spin(m) is real type, from Quillen, we know that H*(BSpin(m);Z/2) C
H*(BG;Z/2), where G = 21}”1 and h is the Hurwitz number (for details see [Q]).

Corollary 4.9. Let G = Spin(m) be real type with Hurwitz number h, and let
A= (Z/2]cz,c3, 50y Cmy on] [((Q1Q0w2), ..., (RrQow2))
@ AW, ooy W, won ) [ (W2, Qowz, ..., Qn—2w2)) ® Z/2[7],

where w;, i < m (resp. wayn) is the Stiefel-Whitney class of the usual SO(m) rep-
resentation (resp. of the irreducible 2"-dimensional spin representation). Then we
have a map A — H**(BG;Z/2) which induces the injection

A/(c2) € h**(BG;Z/2).
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We study Spin(7) and the exceptional Lie group G3. The cohomology of G is
given by H*(BG2;Z/2) =2 72wy, we, wr], where w; is the Stiefel-Whitney class of
the inclusion Go C SO(7). The cohomology H*(BSpin(7);Z/2) 2 H*(BG2;Z/2)®
Z/2[ws).

Corollary 4.10. Let A = Z/2[ca, ¢4, c6, c7] @ A(wy, we, w7) @Z/2[7]. Then there is
the map A — H**(BGa; Z/2) which induces the injection A/(ca) C h**(BGa;7Z/2).
Remark. Similar facts hold for BSpin(7) tensoring Z/2[cs].

The cohomology operations are given by

Sq? Sqt Sq* Sq? Sqt 2
Wy — W — W7y — WaW7 — WrWe — Wr,

Q1Qo(wiwe) = w2,  Q2Q1Q0(wawgwr) = wy.

Proposition 4.11. Let w(ws) = 2,w(wue)) = 2 and w(wuer) = 3 with
te(Wey ... in)) = Wiy -w;, . Then h**(BG2;Z/2) is a subalgebra of

Z/plr] ® Z/2[ca, cs, c7] @ Z/2{1, wa, Sq*w4, Qrws, Qaws, SG°Q2wa, w4 6), W67 }-
Remark. If té’3 ® Q is epic, then we can take wy € h*3(BG;Z/2),i.e.,w(wy) = 2.
The kernel Ker(tc)?** is not so big for X = BGs. Indeed, it is known [Y3] that
CH*(BG2)/2 = Z/2[ca, ca, c6, c7]/ (rc3, cacy), where r =0 or 1.

The cohomology operations are given in H*(BSO(7);Z/2) by

2 2 2 9 2 9 2 9
Q1Qowe = w3, Q2Qowe = ws, (Q3Qowz = wrw; + wgws + Wiwy.

Hence we have c3 = 0,¢5 = 0 and cac7 = 0 in CH*(BG2)/2, but cg # 0.

From here we consider the case p = odd. One of the easiest examples is the case
G = PGL3 and p = 3. The mod 3 cohomology is given by ([KY], [Vel])

(Z/3[y2){y*} @ Z/3{1,y2, 3, y7}ys]) ® Z/3[y12]

It is known that y3,y3,y2 and yio are represented by Chern classes. Moreover,
Q1Qo(y2) = ys. Hence these elements are in the Chow ring; namely,

h***(BPGL3; Z/3) = (Z/3[y2){y3} © Z/3[ys]) @ Z/3[yn2]-
The cohomology operations are given by

B p! B
(4'7) Y2 Y3 Y7 Ys-

Thus we get h**(PGL3;Z/3) completely.

Theorem 4.12. Letting w(y2) = 2, we have the isomorphism

h**(BPGL3:Z/3) = (Z/3[y2{y*} © Z/3{1} ® Z/3[ys] © Q(1){y2}) ® Z/3[y12, 7].
Next consider the extraspecial p-group G = pf'Q”. When n > 2, even the

cohomology rings H*(BG;Z/p) are unknown, while it contains the subring [TeYT]
(48) R= Z/p[y17 cey Y2n, cp"]/(QlQOfa sy QYLQOf)7

n k k .
where f = " xo;_129; for Sz = y; and QrQof = D y2i—1y5; — Yh;_1Y2i- Since
f=0¢e H*%(BG;Z/p), we have

Proposition 4.13. There is the injection
R®Z/p[T] — H*’*(Bpf'zn; Z/p).
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We consider here other arguments for a different but similar group. Let p1+2” be

the central product of pHQ" and the circle, i.e. pHQ" = pf% xc St identifying
C = 7Z/pC S, where C is the center. Let us write

(4.9) ea = H (A1 + -+ + A2n—1Y20-1)-
0#(A1,A3,--,A2n —1)

If we localize by inverting e 4, then the cohomology of pl'|r "

as

(4.10)  [ex"|H*(Bp™™ Z/p) = [e4 IR ® A(w1, 23, ... T2n—1), B(xi) = yi-
Theorem 4.14. Letting w(z;) = 1, we have the ring isomorphism
lex 1R (B(pLT™): Z/p) 2 [ex |R® Z/p[r] @ A(w1, 23, - . ., Top—1).
Proof. There is the splitting abelian subgroup (Z/p)™ =2 A C 13_1‘_"’2" such that
h**(BA;Z/p) 2 Z/p[T,y1, Y3, -, Y2n—1] @ A(z1, 23, ..., Tan—1).

Each monomial z;,...z;,, 1 < iq,...,is < 2n — 1, is a Z/p[r]-module generator in

the above cohomology, hence also in the cohomology of Bp1+2". O

is expressed easily [Y2]

We consider the case n = 1 here. Let us write £ = pl"’2 for each odd prime p.

The ordinary cohomology is known by Lewis [Ly], [TeYQ] namely,

H©™(BE) [p = (Z/plyr, yal / (v1y2 — v193) & Z/p{ca; ., cp1}) © Z/pley),

H°"(BE) = Z/ply1, y2, cpl{a1, az}/ (yra2 — yoar,ylaz — yhar), |ai| = 3.

It is also known that Q1(a;) = yic, and order(c,) = p?.

The group 2?2 is the dihedral group Dg of order 8. The integral cohomologies
are

H®"(BDs)/2 = Z/2[y1, g2, 2]/ (yry2), H°'(BDs) = H**"(BDs)/2{e}

where ¢y = w2, e = (21 + x2)ws in H*(BDg;Z/2) = 7,/2[x1, 22, ws]/(z122) and
Qle = (yl + 92)02, OTd@’I"(CQ) = 4.

Theorem 4.15. For all primes p, we have the isomorphisms
W (Bpit*:2/p) = ({1,8, '} (H*(Bpi™) /p) — {0, '1}) ® Z/pl7),

where w(H*" (Bp'"?)/p) = 0, w(H*™(Bp{™)) =1 and w(9, *(z)) = w(z) + 1.

Proof. We will prove this only for odd primes, since the proof for p = 2 is similar.
Since all elements in H¢”¢"(BE) are generated by Chern classes, we have the iso-
morphism h?**(BG;Z/p) = H®*"(BE)/p. We know H°¥(BE;Z/p) is generated
as an H®*"(BE)/p-module by two elements ay,as such that Qia; = y;c, [TeY2].

The mod p cohomology is written additively, H*(BE; Z/p)={1,0, ' }H*(BE)/p.
Here 9, is the (higher) Bockstein operator. All elements in H°(BE) are just p-
torsion, and we can take a, € H?(BE;Z/p) such that B(a}) = a;. Thus we take
a, € H*?(BE;Z/p) so that a; € H>*(BE;Z/p).

Next consider elements = = 9, '(y), y € H*"(BE)/p. If y € (Ideal(yl,yg))
then 9, ! (y) = > @;b; for b4 € H®*"(BE)/p, and hence we can take w(d, *(y)) = 1.

For other elements y = c;c; , 2 <4 < p— 1, it is known [Ly] that ¢; = Cor% (u?)
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with 0 # w € H?(BZ/p;Z/p) for a maximal abelian subgroup M = Z/p x Z/p.
Hence y € H***(BE;Z/p) is also p-torsion. Considering the exact sequence

N
N HQ*_l’*(BE;Z/pN) N HQ*’*(BE) P_} HQ*’*(BE) -,
we get w(d,*(y)) = 1. The element y = ¢} is p>-torsion in H*(BE;Z/p). Note

that Cor¥y(uP™) = pcy + k with k € Ideal(y1,y2). Thus y € H**(BE; Z/p) is also
p*-torsion. Then we can take w(8, ' (y)) = 1. This completes the proof. O

We easily compute the following results.

Corollary 4.16. For each prime p, there is an isomorphism
W (Bpy ™ Z/p) = Z/plr] @ (Z/p{1} © Q'(0)Gy ® Q(0)Go ® Q(1)G1),
where Q'(0) = A(B,2), Bp2 is the p*-torsion Bockstein operator, and if p = 2, then

Gy = Z)2[co{z1wa}, Pa(ziwsz) = 2,
Go = Z/2[y1[{z1} @ Z/2[y2{z2} & Z/2[co]{z 12},
G = Z/2[y1, ya, c2] / (y1y2) {w2},

and if p is an odd prime, then

Go 2 Z/plepl{cy},  Bpe(cy) = ¢y,
Go = Z/plyr, yal{w1, w2}/ (yaw1 — y172, yh21 — y1w2) © Z/plepl{ch, - ¢y},
G1 = Z/ply1, y2, cpl{ah, ab}/ (yeal — yrah, yhay — yiay),  B(a)) = ai, B(c)) = ci.

2% %

5. BP-THEORY AND Kert

In this section, we always assume k = C. Even this case it seems difficult to
know Kertc. For Chow rings CH*(X), Totaro found a good way to get nonzero
elements in Kertc. Let MU*(—) (resp. BP*(—)) be the complex cobordism the-
ory (resp. Brown-Peterson theory) with the coefficient ring MU* = MU*(pt) =
Zxy,...], @] = =21 (resp. BP* = Zy[v1,...], Jvi] = —2(p® — 1)). The Thom map
induces p : MU*(X(C)) @y~ Z — H*(X(C);Z). Totaro constructed [Tol] the
map

(5.1) c: CH*(X) —» MU*(X(C)) @nu- Z

such that the composition pcl is the usual cycle map ¢l = t?c*’*, which is also the
realization map.

In this section, hereafter, X is just a topological space, e.g., X (C), to simplify the
notation. Since BP*(X) = BP* @umuy, MU” (X)(p), the similar fact holds for BP-
theory. Let P(n)* = BP*/(p,v1,...,Un—1), €.g., P(0)* = BP*, P(1)* = BP*/p and
P(0)* = Z/p. Then there are cohomology theories P(n)*(—) with the coefficient
P(n)*(pt) = P(n)*, e.g, P(0)"(X) = BP*(X), P(1)*(X) = BP*(X;Z/p) and
P(c0)*(X) = H*(X;Z/p). Hence there are maps of cohomology theories

cly : CH*(=)/p — BP*(=) @pp+ Lfp — .. — P(n)*(~) @p(n)- L/p
— P(n+1)"(=) @p(ut1) Z/p — . — H*(—Z/p)

such that the composition is the cycle map cl, = tc. The Morava K-theory is
defined by K (n)*(X) = P(n)*(X) ®p(n)- K(n)*, where K(n)* = Z/p[vn,v;']. In
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general, K (n)*(X) % K(n)* ®pp- BP*(X). However, when K (n)°4(X) =0, it is
known [RWY] that

P(n)"(X) = BP*(X) @pp- P(n)",  K(n)"(X) = BP"(X)®pp- K(n)".
We know that K (n)°%(BG) = 0 for many cases, while Kifz showed K (n)*(BG') #
0 for some fine group G'.

One useful tool for computing BP*(X) is the Atiyah-Hirzebruch spectral se-
quence [TeY?2], [KY]
ES* = H*(X) ® BP* = BP*(X).
It is known that dyi 1 (2) = v; ® Qi(z) mod(M;), where M; is the ideal of Ej%
generated by elements in (p,v1,...,v;—1)F5". Here we assume that H*(X) has no
higher p-torsion and that
(5.2) All nonzero differentials are of the form

dopi_1(x) = v; ® Qi(x) mod(M;).
Let us write
(5.3) grBP* (X)X EX* >~ A® B

where A (resp. B) is a BP*-module generated by nonzero elements in H*(X)/p
(resp. pH*(X) ® Exmmus) so that B C Ker(p,). We can write

A= P P(n+1)G
n=-—1
by the prime invariant ideal theorem of Landweber; if P(n)*/(a) is a BP*(BP)-
module, then a = v for some s > 1.

Take a nonzero element g,, € G, for n > 2. Since Jn is (p, ..., vy )-torsion, there is
9(n,s) € E;‘,’,‘Z_l such that dops —1(g(n,s)) = Vs ® gn for each 1 < s < n. Let the BP*-
module in E;I’;LI generated by g(,, ) be isomorphic to a P(s’ + 1)*-free module for
s’ < s. Here note that if s’ # s — 1, then Ideal(vs 41, .., vs-1){gn.s} C Ker(daps_1).
In any case, we can take g(, s € H*(X)/p for t < s’ such that doyt_1(g(n,s,¢)) =
Ut ® g(n,s)- Continuing this argument we can take

Qsy Qs Qsm

Jn — 9(n,s1) — 9(n,s1,s2) 9(n,81,eer8m)

for some (n > s1 > ... > sp,).

Lemma 5.1. Let H*(X)(p) have no higher p-torsion. Suppose (5.2) holds, and
A=, __, P(n+1)*G, in (5.8). Then there is the injection

H*(X;Z/p) — EBQ G with Qo...QuGn =G

Proof. Let H be a Z/p-module generated by elements g, s, ... s,.) discussed above.
Define the map jc : H — ®Q(n)G,, by

jC(g(n,sl,...,sm)) = ;jQ;ll(gn) = QOszmm'Qsl~'-Qn(gn)v QOangn = Jn-
Suppose x € H*(X)(,) — H. Then by the assumption (5.3), x is not a permanent
cycle. Hence dgpi_q(x) # 0 for some i, and so Q;(x) # 0. Let t be a largest
number such that @;,...Q;;Qiz = g # 0. Since Q;(§) = 0 for all j, we know g
is a permanent cycle. This element § € E%? generates a P(N + 1)*-module for
N = max(is, ..., 41,%). This means z = (Q;lQi_ll...Qi_slg) € H. O
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Let us write Q(i,n) = A(Q, ..., Qr), so that Q(0,n) = Q(n).

Lemma 5.2. Let H*(X), have no higher p-torsion.
(1) If (5.2) is satisfied and, in (5.3),

A= @ P(n+1)*Gp andB%@BP*{p,vl,..,vs}K'S,
n=-—1 s=0
then we have the isomorphisms

H*(X)/p= (G- 69@069@62 Ln)G, - PQ1s) K, - KY)),

s=0
H*(X5Z/p) = @ Q)G — PQs)K, — K.))
n=-—1 s=0
with QO Qn n — Gn; QOGn - G and QO Q K KS’ QOK K/

(2) If Qo...QuG, € Im(p) and the degrees of K, and G, are even, then the
converse also holds.

Proof. (1) Let 0 # z € K,. Since z is not a permanent cycle, dopi—1(x) # 0 and
Qi(x) # 0. Since {p, ..., v} K, are permanent cycles, we know Q;(z) € E;p’f | s
a P(s + 1)*-module, that is, i = s + 1 by the Landweber invariant prime ideal
theorem, and
PemG. > Qs)K

Since v;x generates a free BP*-module, ¢ Im(Qj) for all j. Hence we get the
injection

H*(X;Z/p) — @D Q(n) (Qs)K, — K,).
Let z = @y, ...Qi, gn be in the right-hand 51de of the above injection, and such that
0# Qi(x) € H*(X;Z/p) but x & H*(X;Z/p). If Q;(x) is not a permanent cycle,
then v;Q; () is permanent, so Q;(z) must be in K, and hence z € Q(s)K,; this is
a contradiction. Otherwise Q;(z) = g, generates a P(n)*-module and Q;(x) must
be Im(Q;) for all j <n. Hence z € H* (X Z]p).

(2) By induction on i, we assume E,; , = C(i) & D(i), where
C(i) = PG)* (P Q1. n)Qi-1.-QuGrn — P Qi,n)Qi-1..QuK.) & @ BP*K,,
i<n i<s i—1<s
= P P+1)'Goe  BP{p,...vs} K,
n<i—1 s<i—2

Here elements of K, and D(i) are even dimensional. Hence all odd dimensional
elements generate free P(i)*-modules. Note that if ¢ > j, then there are no non-
trivial maps from P(i)*-modules to free P(j)*-modules. We also note that there is
no possibility that dy(vxaz) = vy for # € K, and y € E?* ¢ < 2p/ — 1. Indeed
there is the map i* of spectral sequences from that for BP*( ) to that for P(i)*(X);
in the last spectral sequence E2p, L = P(i)" ® H*(X;Z/p) and i*(v;y) # 0. Hence
the next nonzero differential must be of the form dspi_1(x) = v; ® Q;(x). Therefore
we have

By = C(i+1) ® D(i) ® P(i + 1)Qi...QoGi & BP*{p, ..., Vi1 YK

The last term is computed from Q;K;_; # 0 and Kerdgpi_1|BP*{K'i,1} =
BP*{p, ...,vi,l}K’i,l, since Qiki,l is P(i)*-free in E}’; O

2pt—1"
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The classifying spaces of groups BO(n),SO(4), G2, Spin(m),m < 9 for p = 2
and PGLs, Fy for p = 3, and (Z/p)™ satisfy the assumption of the above lemma.
However SO(6) does not satisfy the above lemma [I].

We will show that the isomorphism (1) in Lemma 5.2 approximates h**(X; Z/p).
Let Ih**(X) be a Z/p[r]-submodule of h**(X;Z/p) generated by image from
h**(X)/p. The following theorem is almost immediate.

Theorem 5.3. S’uppose that (1) in Lemma 5.2 holds. Then we have the injection
Ih* — Jp@@ Ln)G,) — (P Q. )k, — K1) ® Z/plr],

s=1

W (X3 Z/p) — @Q )G — (D Q) K, — K)) ® Z/p[r],

with w(Gyp) = n+ 1, w(G’) = n. Moreover, if some BP*-module generator in

Ideal(p, .. ,vl)K C E%* is represented by transfer of a Chern class, then Ker(t%* )

contains a nonzero element

The P(m)*(—) version of above facts also holds, if we consider the spectral

sequence
Ey" = H(X;Z/p) ® P(m)* = P(m)*(X).
(5.3)" Let EX* = A® B, where A (resp. B) is the P(m)*-module generated by
generators in E%0 (resp. in EXminus),
Lemma 5.4. (1) If (5.2) is satisﬁed and, in (5.3),
A @ (m4+n+1)"G,(m), BN@P Y {vm, ..., s} Ks(m),
n=-—1

then we have the isomorphism

H(X2/p) = (@) Qo+ m)G(on) — D Q. + ) (m) = Ri(m)

with Q.. Qm1nGn(m) = Gn(m) and Qu...Qm1sKs(m) = K(m).
(2) If Qm--.QmnGn(m) € Im(p) and |Ks(m)| = even, then the converse also
holds.

The P(m)*-versions also hold for G = (Z/p)", BO(n), BSO(4), p}%. One ap-
plication for the above lemma is the following.

Corollary 5.5. Let H*(X;Z/p) (resp. H*(Y;Z/p)) have the decomposition of
Lemma 5.2 (1) (resp. Lemma 5.4 (1) for allm > 0). Then H*(X x Y;Z/p) also
has decomposition similar to that of Lemma 5.2 (1).

Proof. We get the following isomorphism:
Q(n—1)Gn1 @ H*(Y;Z/p)
>2Qn—1)Gp-1 @ (Q(nyn+ k)Gr(n @Q n,n +t)K,(n) — K,(n)))
= (Q(n+k)Gno1 ® Gr(n) = (Qn +1)Gn1 @ Ki(n) = Q(n — 1)Gn1 @ Ks(n)),
since each @; is derivative. O

Lemma 5.6. If H*(X;Z/p) = @ Q(n)G,, then H*(X x BZ/p) = P Q(n)G,
where

Gl = Z/plyl/ (P )G © Z/p[y)Gr-1{z}.
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Proof. Since we have the decomposition

H*(BZ/p; Z/p) = Z/ply]/ (y"") ® Z/ply)Q(n,n){x},

we get the lemma.

O

When X = (BZ/p)™, inductively we get the decomposition H*((BZ/p)™;Z/p) =
@D Q(n)G,,. Hence B =0 and
grBP*(X) = @ P(n+1)"C, HY(X:Z/p) = @ Qn)Gr © Z/pl7)

Of course these are given in (3.9). The similar facts also hold for X = BO(n).
Moreover, W. S. Wilson proved [RWY] that

BP*(BO(n)) = BP*[c1,...,cn)/(c1 — €]y eoesen — C)),

where ¢} is the complex conjugate of the Chern class of the usual complex repre-
sentation. The cohomology h**(BO(n)) is studied in (4.2).

Next consider the case X = BSO(4). The mod 2 cohomology is H*(X;7Z/2) =
Z/2[wa, w3, wy]. The cohomology operation acts as

Qowz = w3, Qrws = w§7 Qrws = waws, Q1Q2wy = w%wz.
The integral cohomology is written as
H*(X)(2) = Zoy[wh, wa] @ (Z(2) {1} ® Z/2[ws]{w3}).

In the Atiyah-Hirzebruch spectral sequence, nonzero differentials are dgi+1_1(x) =
v; ® Q;(x) for ¢ =1,2. We can compute

B3 2 By" 2 Zig)leo] ® (BP [ea] {1, 2wa} ® P(2)"[c3){cs} © P(3)"[es, cal{eseal}),
BP*(X) ®@pp~ Z(2) = Z(g)ca, ca] @ (Z){1, 2wa} & Z/2[c3]{c3}).
Hence the assumption of (1) in Lemma 5.2 is satisfied by
G =7 2co,ca), Gy =17/)2[co,cs){cs} Gy =17/2[ca,c3,cal{cscs},
K} = 7./2]ca, ca]{2ws }.
Therefore we get

Proposition 5.7. Let w(wy) = 2. Then the bidegree Z/2[7]|-module Ih**(BSO(4))
(resp. h**(BSO(4);7/2)) is isomorphic to a bidegree 7/2[7]- submodule of

Z)2[r, 2] @ (Z/2[cal{1} © Z/2[c3] © Q(1, 1){ws} © Z/2[c3, ca] © Q(1, 2){wa}))

(resp. Z/2[r, c2]@(Z/2[ca] {1} ®Z/2[cs] @ Q(1){w2} BZ/2[c3, ca] @ (Q(2) —Z/p){a}),
where Qpa = wy.

Remark. If wy € H*3(BSO(4)), then ITh**(BSO(4)) is isomorphic to the Z/2[7]-
module in the above proposition.

Remark. For this case, we have Ko = Z/2[ca]{a} and QoKy = K¢ in Lemma 5.2.
Indeed, Qoa = wy. However, wy & Im(Qp) in h**(BSO(4);Z/2), because a itself
does not exist in h**(BSO(4);Z/2).
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We know that the element corresponding to 2wy is represented by a Chern class
¢, of some representation, and this means the Totaro’s cycle map ¢l is epic. Indeed,
Totaro and Pandharipande showed that this map is isomorphic, namely,

CH*(BSO(4))(2) = Z()[ca, c3, ¢4, ¢5) / (2¢3, c3¢h, % — dey).

Next consider the P(1)*-version for BSO(4). By using the computations of (Q;w;
] and the Atiyah-Hirzebruch spectral sequence, we can prove that

grP(1)*(BSO(4)) = P(1)*[ca){1, iwaws} @ P(2)*{c3}
®P(3)"[csl{c3, csca} @ P(3)"[eal{esci} @ P(4)"[es, cal{c5ei}
We have another decomposition of H*(BSO(4);Z/2).

Proposition 5.8.
H*(BSO(4);2/2) = Z/2[ca] © Q(1, 1){ws} © Z/2[cs] @ (Q(1, 2){wz, wa})

BZ/2[cs] © (Q(1,2){caws}) & Z/2[cs, ca] © (Q(1,3){Q1 'waws} — {Q7 'waws}).

We consider the relation between grBP*(X) and grP(1)*(X). When X =
BSO(4), it is known [KY] that K(n)°?(X) = 0, and hence

P(m)*(X) =2 P(m)* @gp~ BP*(X).
Therefore no P(m)*(X) is vp,-torsion. Of course we have already seen that for the
grBP*(—)-versions the above facts do not hold. If there is a relation pag + via1 +
voag + ... = 0 € BP*(X), then it is known [Y1] that there is y € H*(X;Z/p)
such that Q;(y) = p(a;), where p : BP*(X) — H*(X;Z/p) is the Thom map. In
H*(BSO(4);Z/2), we see that
Qo(waws) = ¢z, Q1(waws) =0, Qa(waws) = 3.
Hence we have the relation 2c3 + vac3 + ... = 0 € BP*(BSO(2)). This shows that
2 is P(2)*-free in grBP*(BSO(4)), but 1t is a P(3)*-free module in
grP(1)*(BSO(4)) = gr(BP*(BSO(4))/2).

We also see that for x = c3wsws + cawows

Qo(z) = csca, Qu(z) = Q2(x) =0, Qs(z) = c3ci.

This means that 2cgcs+vsciei+... = 0 € BP*(BSO(4)). Hence c3c3 is a P(3)*-free
module in grBP*(BSO(4)) but is a P(4)*-free module in gr(BP*(BS0O(4))/2).

Next consider the case X = BSO(6). In this case the assumption (5.3) is not
satisfied. In fact, Inoue computed [I]

grBP*(BSO(6)) = €D P(n+1)"Gn & P(2)*/(v3)G} ® BP*{2}K,.

n=—1
(For details, see [I].) In particular, he showed that
ds(2we) = viwews, di1(v1 ® wews) = vawWEw?.
However, even this case we can show that
H*(BSO(6);Z/2) ¢ P Q(n)Gn & Q(1)G}

Moreover, R. Field [F] announced that

CH*(BSO(2n)) & Z)[ca, .., cans Ynl/ (2Codd; Coddtin, i — (—1)"2%" 2 cap)
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with deg(y,) = 2n. Hence Ideal(y,) C Ker(tc). However, y,, is not represented by
a Chern class of any representation for n > 2. We also note that BP*(BSO(2n))
are not known for n > 3.

The cases X = BGq, BSpin(7) are quite similar to the case X = BSO(4).
Indeed, CH*(BG2)/2 and h**(BGq;Z/2) have been discussed in §4, and

grBP*(BGs) = Z(9)[cq, c6] @ (BP*{1,2ws} © P(3)*[cr]{cr}).
The infinite term of the spectral sequence for BP*(BSpin(7)) is computed by
Z(9)lca, c] ® (BP*[cs]{1, 2w4, 2ws, 2waws, viws }
® P(3)"[cr]{er} @ P(4)"[cr, es[{cres}).
Therefore we obtain

Corollary 5.9. Let w(ws) = 2. Then the cohomology ITh**(BSpin(7)) (resp.
h**(BSpin(7); Z/2)) is isomorphic to a Z/2[7]-submodule of Z/2[T, c4, c6]@ A (resp.
Z/2[T, cq,c6) ® B), where
A =17/2[cs] ® Z/2[c7] @ Q(1,2){wa} & Z/2[c7, cs] ® (Q(1, 3) — Z/p){b},
B = (Z/2[cs] & Z/2[c7|(Q(2) - Z/p){a} & Z/2[c7, cs](Q(3) = Q(1) + Qo1 — Q2){c}
with - @Q1b = ws, Qoa = ws, Q1Qoc = ws, Q2Qoc = wyws.

The algebra BP*(BSpin(7)) ®pp+ Z(2) is isomorphic to

Z(Q) [64, Ce, Cg] (24 (Z(Q){]., 2wy, 2ws, 211)411)8} D Z/2{v1w8} D Z/2[07]{C7}).

It is known that 2ws, 2ws, 2wsws are represented by Chern classes but vqwsg is not.
However, Totaro has shown that the cycle map ¢l is epic for this case also (see
SeY], V).

Corollary 5.10. There is an epimorphism
CH*(BSpin(7)) — Zz)[ca, co, cg] ® (Z{1, cy, Cyy o ® Z)2{&3} @ Z/2[crl{cr}),

where ¢ is the i-th Chern class of complezification of the spin representation A
and &3 is a 6-dimensional element which is not represented by Chern classes. Thus
ch, ¢y, g are in Ker(pz) and & € Ker(p).

Next we consider the case p = odd. The cases PGL3 and pf'Q are easy, and

Ih**(B@G) are given. For example, for E = per

grBP*(BE) = BP* ® H®*"(BE)/(v1Q,H°"(BE)).
Finally we consider the case G = Fy,p = 3, whose Chow ring is still unknown.
The mod 3 cohomology of Fy is isomorphic to H*(BFy;7Z/3) =2 C ® D [Tod] with
D= Z(g) [1‘36, (E48] and
C = Z/3[wa, 28] @ {1, 220,250} ® Z/3[w26] © A(9) @ {1, 20, 221, T25},
where two terms of C' have the intersection {1, z20}. Then we can prove [KY]
grBP*(BFy) = D @ (BP*{1,3z4} ® BP* ® E & P(3)"[z26]{z26})
with B = Z3)[x4, x8]{abla,b € {x4, s, 220} }. Therefore we obtain

Corollary 5.11. Let w(E) = 0 and w(zy) = 2. Then Ih"*(BF) is a 7/3[7]-
submodule of

D®(Z/3{1} ® E®Z/3[x]) @ Q(1,2){x4})) ® Z/3[7].
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The element 3x4 can be proved to be represented by a Chern class, and xog =
Q2Q174. The element x3¢ is also represented by a Chern class, and P3x3 = 245. If
we can prove that E/3 C Im(cl,) and z € H**(BFy,Z/3), then the above module
is just Th*™*(BFy) for p = 3.

Let G be a simply connected Lie group. Then H3(G;Z) = Z and H*(G;7Z) = 0.
Suppose that H*(G;Z) has p-torsion. Then it is known that there is an element
2’ € H3(G;Z) such that 0 # Q12’ € H?P*2(G;Z/p) . Taking the classifying space,
we get an element x € H*(BG; Z) such that Qi # 0 in H?**T3(BG;Z/p). By
Totaro [To2] it is known that CH*(BG) ® Q = H*(BG) ® Q. Hence there is an
s > 1 such that p°ry € H*(BG) is in Im(cl). Thus there is a nonzero element
¢ € CH*(BG)/p with t2*(c) = 0. For the groups Gy or Spin(7) for p = 2 and
G = F, for p = 3, we can take s = 1, since px4 is represented by the second Chern
class co.

Proposition 5.12. Let p = 2, 3 or 5. There is a classifying space BG such that
for all m,n with 3 <n+1<m < 2n, the kernel Ker(t¢"") is nonzero.

Proof. Let G = G x (Z/p)*>°, where G = Ga,p=2,G=Fy,p=30or G = Es,p=>5.
Recall that (BZ/p)™ satisfies the Kiinneth formula for all spaces. For Z/p[r]-
module generators @ € H**((BZ/p)>°;Z/p), the elements xc are all nonzero and
all in Kertc. O

6. HOMOTOPY CATEGORY

From the category Spc, Voevodsky constructed [Vol], [Vo2], [MoVo| the (A!,
algebraic) homotopy category Hot and the stable homotopy category SHot. There
are two different types of spheres in Spc:

(6.1) S!=A'/{0,1} and S} =A'-{0}.

The Tate object is T = Al/(A! —0) = P! = S} A S! in Hot. The category SHot
is defined by T as the suspension, e.g., E = {E;}, E; € Spt is a spectrum if there
isamap TAFE; — E; .

Let X5 be the functor from Spc to T-spectra that takes X to {T*A X}. If E is
a T-spectrum, then the motivic (generalized) cohomology E**(—) is defined by

(6.2) E"™™(X) =Homggot(EF (X), ST " ASPAE),
(6.3) Epn(X) =Homgmo (S5 " ASEET(X) A E),
where Homgg,:(—, —) is the homomorphism defined on SHot.

The realization map tc is originally defined as the functor ¢¢ : X — X (C) from
Hot to the category of homotopy spaces. Note that this induces

(6.4) te : E™"(X) — (tcE)™(X(C)).

The spectrum for the ordinary motivic cohomology is defined as follows. Let
L(X;R) for R = Z or Z/p be the presheaf sending a connected U to the free
R-module generated by the set of all closed irreducible W C U x X such that the
projection W — U is finite and surjective. The Eilenberg-MacLane spectrum is
defined as

K(R(n),2n) = L(A™; R)/L(A™ — {0}; R).
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Voevodsky proved that K (R(n), 2n) is the Q-spectrum for the suspension T', namely,
K(R(n),2n) 2 QrK(R(n+1),2n+ 2) in Hot. Define also, for m < 2n,
(6.5) K(R(n),m) = Q21" (R(n), 2n).
Thus the ordinary motivic cohomology is defined by
(6.6) H™"(X; R) = Hompe (X, K(R(n),m)).

Question 6.1. Let £k C C, and let 0 # 7, € H™"(K(Z/p(n),n);Z/p) (resp.
T € H'" WY (K (Z ) (n),n+1); Z/p)) be the fundamental class (representing the
identity map). Then are there isomorphisms

h**(K(Z/p(n),n); Z/p) = Z/p[Qi, Qi QoTa|0 < i1 < .. <ip-al,
K2 (K (Zpy(n),n+1);Z/p) 2 Z/p[Qi,_, - QiyTnig]0 < i1 < .. <ip1]?

It is well known that the dual A,. of the (topological) Steenrod algebra A% is
isomorphic to Z/p[¢1,...] ® A(7o,...), [&] = 2(p" — 1), || = 2p' — 1. Let P’ €
A% (resp. Q! € A¥) be the dual of &'... (resp. 7°..., i, = 0 or 1), so that
Ar = 7,/p{P’Q"}. Note that Q' = £Q.... Define m(J) = >,_, ji and m(I) =
> ko ik- Then it is also known [Ta] that
67)  H (K(@/p,n)Z/p) = Z/plQ P ralm(I) + 2m(J) < n + o).

On the other hand, suppose that Q! P/, € H™"(K(Z/p(n),n); Z/p) for m
2n, i.e., w(QTP77) < 0. Since w(P?) = 0 and w(Q;) = —1, we see that

0> w(Q'P'r,) =n—m(I).

This implies m(J) = 0,m(I) = n and iy # 0. Hence we know that QP77 is the
form of the ring generator of the polynomial in the above question.

Y

Remark. Let us write the above as A = Z/p[Q;,_,...Qi, QoT|0 < i1 < ... < dp_1].
By Tamanoi [Ta], the image p,(K(Z/p,n)) = A C H*(K(Z/p,n);Z/p). Moreover,
there is [RWY] the isomorphism BP*(K(Z/p,n)) @ pp+ Z/p = A.

7. ALGEBRAIC COBORDISM

Let BGL denote the infinite Grassmannian, the union of GLy(0c0) over N. The
corresponding generalized cohomology theory is the algebraic K-theory. The mo-
tivic cobordism theory MGL**(—) is the generalized cohomology theory defined
by the Thom spectrum MGL = {Th(E, — GL,)}, identifying Th(E & O) =
T ANTh(E) and E,, ® O — E, for the trivial line bundle O. It is known (Hu-Kiiz
[HK], Vezzosi [Ve2]) that

(7.1) MGL**((P®)") = MGL** (pt)[y1, ..., ynl,
(7.2) MGL**(BGLy,) = MGL**(pt)[c1, ..., cn,

where the ¢; are identified with the elementary symmetric polynomials in the y;’s.
Hence the Chern classes are also defined in MGL?**(BG). The realization maps

2" MGL**(BG) () — MU*(BG)(y)

are epic for G = O(n), SO(4),Gy for p = 2 and pf‘Q for all primes, because the
MU*(BG)p) are generated by Chern classes.
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For a smooth scheme X over k C C, Levine and Morel [LMI], [LM2] constructed
the algebraic cobordism theory Q*(X) such that there are natural maps

(7.3) pr s (X)) — H**(X),  pucr: Q(X) - MGL**(X)

with pr = pvar,mypmar for the algebraic Thom map pvar,my : MGL**(X) —
H**(X). Moreover, they proved that

(74) pr ®a- Z: QO (X) ®q- Z= H>**(X), 2" pucr : O (pt) = MU (pt).
This implies the motivic version of the Totaro cycle map ¢l:
(7.5) pyvcr(pr ®q- Z) 1 CH*(X) — MGL**(X) @yaree- Z,

and moreover t(%*’*pMGL(pH ®q+ Z)~! is the Totaro cycle map cl. Thus the Thom
map p?;\‘/}*&;L’H) : MGL?**(X) — H?**(X) is always epic.
For groups G = (Z/p)™, O(n), we can easily prove that

(7.6) O*(BG) = MU*(BG).
Hence in these cases MGL?***(BG) contains MG*(BG) as a splitting subring.

Corollary 7.1. Let cl, : CH*(BG)/p — MU*(BG)®nu-Z/p be epic. Thente™
MGIL>*(X)/p — MU*(BG)/p is epic, and Im piarc.ny C Z/plrl®h?* (X; Z/p),
where pvar,p) - MGL**(X) — h**(X;Z/p) is the induced Thom map.

The modified cycle maps ¢l are epic also for the groups Spin(7) for p = 2 and
PGL;3 for p=3.

By the Thom isomorphism, we get MGL**(BGL) 2 MGL**(MGL). This
means that the Steenrod algebra of MGL**(—) is generated as an M GL**(pt)-
module by the Landweber-Novikov operation S,:

(7.7) MGL**(MGL) = MGL**(pt){Sala = (i1, ... in), i; > 0}.

Here S, : MGL**(X) — MGL**+2lel»+lel(X) and |a| = 3, ixk. These operations
satisfy the Cartan formula

(7.8) Salzy) = > Sp(x)Sy(v),

a=F+y

and So|MU*(pt) is the usual Landweber-Novikov operation.

Kiiz, Hu and Vezzosi construct algebraic Brown-Peterson theory ABP**(—)
by using a modified Quillen argument. Here we note that we can also construct
algebraic BP-theory by using the technique of Novikov(5.4 in [N]). Recall that
MU, = Ly, ..., [ai] = —2i. Define

(79) A% = Z(mi/sAi(xi))q_lqum

q=1
where A; = (0,...,0,1,0,...,0) (1 in i-th place). Note that Ay, (z;) = Sa,(z;) = 1 if
i # p’—1. Then we can easily prove that m; = 1—x;A, is a multiplicative projection
such that m;(x;) = (1 —d;;)z;. Essentially composing (for details, see p. 587 in [N])
the 7; for all i # p? —1, we get the multiplicative projection ® : MGL — MGL)
such that

(7.10) ®(z;) = {mi (if i = p/ — 1 for some j),

0  (otherwise).
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Define the algebraic Brown-Peterson spectrum by ®PMGL = ABP. Of course
tc(ABP) = BP

Theorem 7.2. Identify BP* = MU(*p)/(xi|i #pl —1). Then
ABP*’*(X) ~ Bp* ®MU(*p) MGL*’*(X)(

p)

Proof. Since 75, (a) = (1 — x;A,,)a = a mod(x;), we get ®(a) = amod(z;|i #
p? — 1) for all a € MGL**(X). The isomorphism is proved, since ABP**(X) C
MGL**(X)(y) by the property ®* = ®. O

Since ABP**(pt) & BP* ®muy, MGL**(pt), we can write the above isomor-
phism as
ABP**(X) = ABP™* BmcLy; MGL*" (X))
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